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Abstract: We embed two 4D chiral multiplets of opposite representations in the 5D 
N = 2 SU{N + K) gauge theory compactihed on an orbifold liZ^ x Z'^). There are 
two types of orbifold boundary conditions in the extra dimension to obtain the 4D N = 1 
SU{N) X SU{K) X U{1) gauge theory from the bulk: in Type I, one has the bulk gauge 
group at y = 0 and the unbroken gauge group at y = 7rR/2 while in Type II, one has the 
unbroken gauge group at both fixed points. In both types of orbifold boundary conditions, 
we consider the zero mode(s) as coming from a bulk (K + AI)-plet and brane fields at the 
fixed point(s) with the unbroken gauge group. We check the consistency of this embedding 
of fields by the localized anomalies and the localized FI terms. We show that the localized 
anomalies in Type I are cancelled exactly by the introduction of a bulk Chern-Simons 
term. On the other hand, in some class of Type II, the Chern-Simons term is not enough 
to cancel all localized anomalies even if they are globally vanishing. We also find that for 
the consistent embedding of brane fields, there appear only the localized log FI terms at 
the fixed point(s) with a U{1) factor. 
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1. Introduction 

Recently the orbifold unification models in the existence of extra dimensions have drawn 
much attention due to their simplicity in performing the gauge symmetry breaking and 
the doublet-triplet splitting at the same time. The unwanted zero modes appearing in 
the unification models are projected out by boundary conditions in the extra dimension, 
i.e, they get masses of order of the compactification scale. For instance, the Minimal 
Supersymmetric Standard Model(MSSM) helds were obtained in the 5D SUSY SU(5) model 
where the extra dimension is compactified on a simple orbifold l{Z 2 x .^ 2 ) 0 ) 0]- 

idea was also taken in the model with the 5D SU (3) electroweak unification with the TeV- 
sized extra dimension 0, |^, the possibility of which was first considered in the context of 
the string orbifolds p. 

In the orbifold with gauge symmetry breaking, in general, in addition to the fixed 
point where the bulk gauge symmetry is operative, there exists a fixed point where only 
the unbroken gauge group is respected]^: for instance, Gsm = SU{3) x SU{2) x U{1) 
in the case with the 5D SUSY SU(5) model on x Therefore, we can put a 

multiplet(so called a brane field) at that fixed point allowed by the representation of the 
unbroken gauge group. In the more realisic model constructions, there has been a lot of 
various possibilities of having incomplete multiplets located at the orbifold fixed points (or 
branes) with an unbroken gauge group|^ For instance, in the 5D SU(5) GUT 

on S^j{Z 2 X it has been shown that the s — puzzle can be understood from the 
introduction of a split multiplet for 10 of the second generation|3| while the top-bottom 
mass hierarchy can be also explained with one Higgs in the bulk and the other Higgs at the 
brane 0,1^. Moreover, introducing incomplete multiplets for the quark setor is indispensible 
in the 5D SU(3) electroweak unification on l{Z 2 x ^ 2 )® H- 
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However, with incomplete multiplets, there could appear the localized gauge anomalies 
on the independent orbifold boundaries [l^, |5|, [T^]. It has been shown|^| that the 
abelian anomalies coming from a bulk field in 5D are equally distributed at the fixed points 
by the half of its 4D anomaly while the bulk Chern-Simons term|]^ plays a role in con¬ 
veying localized anomaly at one fixed point to the other fixed point. So, the 4D anomaly 
cancellation for zero modes is sufficient for consistency. The anomaly analysis can be gener¬ 
alized to the case in the non-abelian gauge anomalies on the orbifold with gauge symmetry 
breaking. It has been shown in 5D 517(5) and 51/(3) orbifold unification models|5| that 
for fermion zero modes of the 4D anomaly-free combination, the integrated anomalies are 
absent but the localized anomalies can be exactly cancelled by the introduction of a bulk 
Chern-Simons counter term. 

In the 4D supersymmetric theory, it is known that the Fayet-Iliopoulos term(FI) also 
can be radiatively generated only for anomalous U{\) gauge theories. This FI term could 
break supersymmetry and/or anomalous t/(l). However, the situation is somewhat dif¬ 
ferent in orbifold models with a 1/(1) factor. In 5D IZ 2 or x Z'^ orbifold with 

a U{1) factor [p^, 11, 17|, it has been recently shown that there is a possibility that 

the integrated FI term vanishes while there exist non-zero localized FI terms at the fixed 
points. These localized FI terms, however, do not affect either 4D supersymmetry or gauge 
symmetry since they can be absorbed by the non-vanishing vacuum expectation value of 
a real scalar held belonging to the bulk vector multiplet|jl5|, |l^, P, 11, Hj. The net effect 
of the localized FI terms is the dynamical localization of the bulk zero mode and to make 
the bulk massive modes decoupled. Even in the case where quadratically divergent FI 
terms are cancelled locally by introducing at each hxed point a brane held with the half 
charge compared to that of a bulk held, the logarithmically divergent FI terms are equally 
distributed at both hxed points, which also gives rise to the localization of the zero mode 
at both hxed points |pl|. 

In this paper, we consider the gauge symmetry breaking due to the boundary conditions 
in the 5D iV = 2 SUSY G = SU{N + K) gauge theory on 57(^2 x In Type I, 
we have the full gauge symmetry G at y = 0 and the unbroken gauge symmetry H = 
SU{N) X SU{K) X U{1) at y = 'KRj2. On the other hand, in Type H, we have the 
unbroken gauge group at both hxed points. When we consider the zero modes coming 
from a bulk {N + iir)-plet in both types of orbifold boundary conditions, we show that 
the bulk fermion gives rise to the localized gauge anomalies: of gauge anomalies at 

y = 0 and of gauge anomalies at y = 7rRj2 in Type I while gauge anomalies 
are equally split at both hxed points in Type H. Using this result, we hnd that addition of 
one .^-plet located at y = ttR/2 in Type I leads to —^ of gauge anomalies at y = 'kR/2 
while there remains -1-^ of G^ gauge anomalies at y = 0. However, we also show that all 
the localized gauge anomalies are cancelled exactly by introducing a Chern-Simons(CS) 
5-form with a jumping coefhcient in the 5D action ]I^, Q. On the other hand, in Type 
H with brane helds at the same hxed point, we show that a bulk CS term is not sufficient 
for cancelling the localized gauge anomalies. 

Secondly, we consider the localized FI terms in our model. In Type I, the localized 
FI terms could appear only at y = 7r/?/2 with a U{1) factor. Since we have the = 1 
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supersymmetry without integrated gauge/gravitational anomalies at the zero mode level, 
the integrated FI term should vanish for consistency. Therefore, it can be argued that the 
FI term should be absent locally in our model[|| . On the other hand, in Type II, there could 
appear the FI terms at both fixed points, which seems to be not necessarily zero with the 
condition for no integrated FI term. However, since there is no gravitational counterpart 
of CS term in GUT orbifolds, there should not be localized gravitational anomalies, which 
allows only a specific assigning of brane fields. In this paper, we show that there exists 
only a non-vanishing log divergent FI term at y = 7ri?/2 in Type I and log divergent FI 
terms at both fixed points in a consistent class of Type II, which still makes the integrated 
FI term to be zero. The log divergent FI term can be absorbed by a singular vacuum 
expectation value(VEV) of the 17(1) gauge component of the real adjoint scalar field in the 
bulk without changing the mass spectrum |pT|. 

Our paper is organized as follows. In the next section, we give an introduction to 
the gauge symmetry breaking on orbifolds by adopting the 5D SUSY SU{N + K) gauge 
theory on S^I{Z 2 x ^ 2 ). Then, in the section 3, for this GUT orbifold, we derive the 
detailed expression for the localized non-abelian anomalies coming from a bulk fermion in 
the fundamental representation of SU{N + K). The section 4 is devoted to the localization 
problem of a bulk fermion and the cancellation of the localized gauge anomalies. In the 
section 5, we work out with the localized Fayet-Iliopoulos terms in our model. Then, we 
conclude the paper in the last section. 


2. Orbifold breaking of gauge symmetry 


Let us consider the five-dimensional SUSY G = SU{N + K) gauge theory compactified on 
an S^j{Z2 X Z2) orbifold. The fifth dimensional coordinate y is compactified to a circle 
2ttR = 0. Furthermore, the point y = —a is identified to y = a {Z 2 symmetry) and the 
point y = {7rR/2)+a is identified to y = (7ri?/2) —o {Z 2 symmetry). Then, the fundamental 
region of the extra dimension becomes the interval [0, between two fixed points y = 0 
and y = 

For the two Z 2 symmetries, one can define their actions P and P' within the configu¬ 
ration space of any bulk field: 


(k{x, y) 4>{x, -y) = P(p{x, y), (2.1) 

y') -y') = P'(j){x, y') (2.2) 

where y' = y + 7ri?/2. The {P,P') actions can involve all the symmetries of the bulk 
theory, for instance, the gauge symmetry and the R-symmetry in the supersymmetric case. 
In general, then, any bulk field 4> can take one of four different Fourier expansions depending 
on their pair of two Z 2 parities, {i,j) as 


^++ = E cos 


n=0 
00 


2ny 

~w 




n=0 


(2.3) 

(2.4) 
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(t>-+ = Y. 

n=0 
oo 

n=0 

where is the 4D space-time coordinate. 

The minimal supersymmetry in 5D corresponds to N=2 supersymmetry (or 8 super¬ 
charges) in the 4D N=1 language. Thus, a 5D chiral multiplet corresponds to an N=2 hy- 
permultiplet consisting of two N=1 chiral multiplets with opposite charges. Two 4D Weyl 
spinors make up one 5D spinor. On the other hand, a 5D vector multiplet corresponds to 
an N=2 vector multiplet composed of one N=1 vector multiplet(y = Ai,D) = V^T^) 
and one N=1 chiral multiplet (S = ((<h + iA^)/^/2,\2,FY,) = which transforms in 

the adjoint representation of the bulk gauge group^. Upon compactification, we consider 
the case where one Z 2 breaks N=2 supersymmetry to N=1 while the other Z 2 breaks the 
bulk G = SU{N -|- K) gauge group to its subgroup H = SU{N) x SU{K) x U{1). 

For instance, a bulk hypermultiplet in the fundamental of SU{N + K), which is com¬ 
posed of two chiral multiplets with opposite charges, H = {h,Tp,FH) = and 

= {h^,'ip^,FH':) = {Hi,H 2 ), transforms under Z 2 and Z 2 identifications as 

H{x,-y) ='nPH{x,y), H^{x,-y) =-r]H^{x,y)P~^ (2.7) 

H{x, -y') = v'P'H{x, y'), H^{x, -y') = -y'H^ix, y')P'-^ (2.8) 

where both y and y' can take -|-1 or —1, and P^ = P'^ = In+k where In+k is the 

{N + K) X [N + K) identity matrix. On the other hand, the bulk gauge multiplet is 

transformed under the two Z 2 transformations respectively as 

V{x,-y) = PV{x,y)p-\ 

S(x,-y) = -PE(a;,y)P"\ 

V{x,-y') = P'V{x,y')P'-\ 

s(x,-2/') = -P'nx,y')P'-^ 

Now let us consider two types of the parity assignment (P, P') as 

Type I : P = In+k, P' = diag{lK, -In), (2.13) 

Type II: P = P' = diag{lK,-lN). (2.14) 

For both types of parity matrices, the G = SU{N + K) gauge symmetry is broken down 
to H = SU{N) X SU{K) X U{1) because P'{P also for Type II) does not commute with 
all the gauge generators of SU{N + K): and = —P^ where 

q = (a, a) denote unbroken and broken generators, respectively. However, the fixed point 
gauge groups are different; for Type I, the G bulk gauge symmetry at y = 0 and the H 

^We note D — X 3 — d^T, and Fs = {Xi + iXI)!'/^ in terms of the SU{2)ft triplet X in N = 2 
supersymmetry. 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 




l~i~A 2 n+ 2 )^ . i2n + 2)y 
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unbroken gauge symmetry at y = 'nRl2; for Type II, the H unbroken gauge symmetry at 
both y = 0 and y = TTRj2. Therefore, in either case, it is possible to put some incomplete 
multiplets transforming only under the unbroken gauge group at the fixed point(s). 

For Type I with rj = y' = 1, the bulk hypermultiplet in the fundamental of SU{N + K) 
is split as follows 


: [(++); (1, K, ^)], mass = 2n/R 

(2.15) 

: [(+-); (A^,l,-^)], mass = (2n-M)/i? 

(2.16) 

^c( 2 n+i) . mass = (2n l)/ii 

(2.17) 

^cC 2 n+ 2 ) . -).(-]_^A:,-^)], mass = (2n2)/ii 

(2.18) 


where the brackets [ ] contain the quantum numbers of Z 2 X Z^x SU{N) x SU{K) x 1/(1). 
Consequently, upon compactification, there appears a zero mode only from the -fC-plet 
among the bulk field components while other fields get massive. Therefore, the bulk vector 
multiplet of SU{N + K) is divided into the different KK modes 

va(n) . 1 ) + ( 1 ^ ( 1 ^ 1 )]^ mass = 2n/R (2.19) 

ya(2n+i) . (jv, i^) + (N,K)], mass = (2n + l)/R (2.20) 

j^a{ 2 n+i) . mass= (2n + l)/i? (2.21) 

j^a( 2 n+ 2 ) . ); (iv 2 _ 1 , 1 ) + ( 1 , i ^2 _ ^ j ^ mass = (2n + 2)/i? (2.22) 

where the brackets [ ] contain the quantum numbers of Z 2 x ^2 x SU{N) x SU{K). There¬ 
fore, the orbifolding retains only the SU{N) x SU{K) x 17(1) gauge multiplets as massless 
modes while the KK massive modes for unbroken and broken gauge bosons are paired 
up separately. 

For Type II with rj = y' = 1, likewise, the bulk hypermultiplet is split as follows 


[(++); (l,i7,^)], mass = 2n/i? (2.23) 

^{2n+2) . ^ ^2n + 2)/R (2.24) 

: [(++); (N, 1, 1 )], mass = 2n/R (2.25) 

^c(2n+2) . ^ ^2n + 2)/R (2.26) 

Therefore, in this case, there appears a zero mode of IV-plet as well as a zero mode of 
K-plet. On the other hand, the bulk vector multiplet of SU{N + K) is divided into the 
different KK modes 

ya(n) . (^2 _ 1 ) + ( 1 ^ ^2 _ 1 ) + ( 1 ^ 1 )]^ mass = 2n/R (2.27) 

ya(2n+2) . -). ^ {N,K)], mass = (2n + 2)/R (2.28) 

S“(20 ; [(++); (AT, K) + (F, K)], mass = 2n/R (2.29) 


S“(2«+2) : [(-); {N^ - 1,1) + (1, - 1 ) + ( 1 , 1 )], mass = (2n + 2)/R. (2.30) 
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Thus, on top of the zero mode of the H gauge multiplet, there exists a zero mode of the 
chiral multiplet containing the broken gauge component of A^. This new zero mode 
gets a radiative mass of order of the compactification scale and it can be identified with a 
Higgs multiplet, for instance, in the bulk SU{3) gauge theory. 

Since each component of a gauge parameter uj = oj^T^ has the same Z 2 parities as those 
of the corresponding gauge field, the bulk gauge transformation is restricted as follows 

^A\^ = i A\jLo'^ + i , (2-31) 

^A\j = + if°‘^'^A\^uj'^ (2.32) 

where and are put to zero for the parity invariance. Particularly, since a;“ takes the 
same parities (+, —)((—, —)) as in Type I(II), the gauge transformation at y = 7ri?/2(at 
both y = 0 and y = ttR) becomes the one of the unbroken gauge group H from eq. (|2.31j). 


3. Non-abelian anomalies on orbifolds 


A 5D fermion is not chiral in the 4D language. However, after orbifold compactification of 
the extra dimension, a chiral fermion can be obtained as the zero mode of a bulk non-chiral 
fermion. Then, the chiral fermion gives rise to the 4D gauge anomaly after integrating 
out the extra dimension. For the case with the 5D U{1) gauge theory on S'^/Z 2 [^] or 
5V(^2 X Z')0, it was shown that the 4D gauge anomaly coming from a zero mode is 
equally distributed at the fixed points. In this section, we do the anomaly analysis in the 
case with the 5D SU{N + K) gauge theory compactified on our gauge symmetry breaking 
orbifold, S^/{Z 2 x Z'). 

Let us consider a four-component bulk fermion in the fundamental representation of 
SU{N + K). Then, the action is 

r j'2'KR 

S = J d^x J dy'ip{iIp--i^D^-m{y))'ip (3.1) 

where If) = and Dm = Qm + iAm- Here m(y) is a mass term for the bulk fermion 

and Am = is a classical non-abelian gauge field. 

With the assignments of Z 2 and Z 2 parities to a (iV -|- iL)-plet hypermultiplet in the 
previous section, the fermion field transforms as 


V'(y) = 75^^(-2/), -iPiv') = 


(3.2) 


where P and P' are given by Eqs. (2.13) and ( p.l4| ), acting in the group space. Invariance 
of the action under two Z 2 S gives rise to the conditions for the mass function 


m{y) = -m{-y), m{y') = -m{-y'). 


(3.3) 


And the gauge fields also transform under Z 2 as 

A^{y) = PA^{-y)p-\ A^{y) = -PA^{-y)p-\ (3.4) 


- 6 - 







and we replace {y y', P ^ P') for Z 2 action. 

Then, with ijj = ?/)^ + ?/)^, where 1 and 2 denotes ilT-plet and A^-plet components 
respectively, the fermion field is decomposed into four independent chiral components 

= V'i + 'pR, = V'i + 'pR 

(3.5) 

where 


75'0z,(r) = +V’i(i?), 15'Pl(r) = +V’i(i?)- 

(3.6) 

First let us consider the case with Type I parity assignments. Due to the parity 
assignments, (+,+) for and (+,+) for we can expand each Weyl fermion in 

terms of KK modes 

'^L{R)ix,y) = '^^l{R)nix)^lJ^Hy), 

71 

(3.7) 

n 

(3.8) 

with 


(-05 + m{y)){d5 + m{y))^l+^'> {y) = 

{d5 + m{y)){-d5+m{y))^^-^'>{y) = M^Ci~'^Ky) 

(3.9) 

(3.10) 


where Mn is the nth KK mass. Here we note that ^’s make an orthonormal basis for the 
function on [0, 27ri?): 


r27rR p27rR 

/ dyCm^Hy)(^rt^Hy)= = 6mn, 

Jo Jo 

p2'KR p2'KR 

/ dyi^^^\y)i^^^\y)= j dy i^--\y)i^^^\y) = 

Jo Jo 


(3.11) 

(3.12) 


Under the gauge = 0^, inserting the mode sum of the fermion into the 5D action, 
we obtain 


S 




M2n-l)Pn 


E 


VW„(H“) + VmniAO + VWn(5) + Unn(^“) 


(3.13) 


m,n ^ ^ 

where V'n = '^In + '^Rn for n > 0 (V’o = V’io)> V'n = '^In + '^Rn^ and VmnS denote gauge 
vertex couplings. The G = SU{N + K) gauge fields(H = A^T^) can be decomposed into 


{N + Kf-l^ {N^ -1,1) + (1, K^-l) + (1,1) + {N, K) + {N, K), (3.14) 

that is, H“r“(a = 1, • • •, iV^ - 1), H*r*(i = 1, • • •, _ i), jiSN+Kf-ir^iN+Kf-i = 

gauge fields for the H = SU{N) x SU{K) x U{1) group, and A‘^{t°')ar = X“^(q: = 

^The result will be not changed in the case without a gauge condition 
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1, - ■ ■ ,N;r = 1, • • •, K) gauge fields for the G/H coset space, respectively. Here, broken 
group generators are related to as 


rjpa _ 


0 

(t“)t 0 


(3.15) 


Then, VmnS are given by the following: 

Y ( Aa\ _ jlJ-a M+-) I TAia Aa{-+) 


^mn{ —h) Tnn/z 


V MM = i*(++) —) 


V (R) = -I- 1^^ )-I- B^^ —)-I- B^ — 

V M“1 = 1^“ i“(+) _|_ 


where 


r2'KR 

Jo 


dy {y)K {x,y), 


^i(±±) _ 


c 2 -kR 


^mnfA 


= 


pZTTU 

/ dyC‘;t^Hy)C^ri^^Hy)Bf,{x,y), 

Jo 

I' 2 'kR 

= / dyi^^^\y)i\^^\y)B^{x,y), 

Jo 


4“(±) = 


r27vR 


dy iy)K (x, y) 


and 


= rn^y^P^T-t 

-.1 


JlJ'ni±±) = i^Ll^P±T^xKi’l JiZi±T) = 


'i.1,1 

n'l 


2 

n'l 


(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 


(3.22) 

(3.23) 


jZi±) = ^irp±p^i + i^irp±{p)Hl ( 3 . 24 ) 

with P± = (1±75)/2. Here a decomposition of is understood such as = diag.(T^^^, T^^^). 
We note that the chiral current for the SU{N + M) gauge symmetry is split into chiral 
currents coupled to the unbroken and broken gauge fields. 

Applying the classical equations of motion and the standard results for the 4D chiral 
anomalies 1]^, |8|, we can derive the anomalies for the chiral currents classihed above. By 
making an inverse Fourier-transformation by the convolution of the bulk eigenmodes, the 
5D gauge vector current is given by 

m,n 
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(3.25) 


J^'ix.y) = *’«»**’i(++) 

m,n 

Jl‘‘^(x,y) = *’««**’■'m®(++) 

m,n 

_l_ t(H—)t(H—) _l_ fi —l■)t(—I") 'I 

Sm Sn ^mn{A —) ^Sn '^mn(—h)'^’ 

T^^(t 7/'1 = \ —) t (++) 7 /^“ -!-/■(—-^ ') 


(3.26) 


(3.27) 

(3.28) 


and we can construct similarly. Consequently, it turns out that the divergence of the 
5D gauge vector current is given in terms of the 4D gauge anomalies as 

{DMJ^nx,y) = f 2 iy){Q%A) + Q“(X)), (3.29) 

{DMJ^nx,y) = MymiA) + Q\X)), (3.30) 

{DMJ^f{x,y) = h{y){Qf{A) + Qf{X)) + f 2 {y){Q^{A) + Q^{X)), (3.31) 

{DMJ^f{x,y) = /i(2/)(Qf(X) + Q“(X)) + /2(y)(Qt(X) + Q“(X)) (3.32) 


where 


h{y) = Y 1 

n 

f2{y) = 




mrR^ 


n 


tittR, 


(3.33) 

(3.34) 


The localized gauge anomalies Q’s are composed of two large parts: anomalies for unbroken 
group components and broken group components of the 5D vector current. The anomalies 
for unbroken group components involve not only unbroken gauge helds 

Q“(7l) = y) + y)), (3.35) 

Q\A) = y) + (3_3g) 

Q+{A) = ^Tr(r|,^)3F^^,F«/^-(x,y) 

+ ^Tr({r#,^,r*}r^')F;,F^'^"(x,y), (3.37) 

Q-{A) = ^Tr(r^,^)3F^^^F^M-(x,y) 

+ ^Tr({r^,^,r“}r')F;,F^"(x,y), (3.38) 

Q^iA) + Q^{A) = {x,y) 

+ y)) = Q^{A), (3.39) 

but also broken gauge fields 

Q“(^) = -^TT{TH\f)^)FlF^^^''{x,y) = y)(3.40) 
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Q\X) = {x,yU‘iAl) 


Ql{X) = ^Tr({r^, {i>)^]F)FlF^^^-{x,y), (3.42) 

Q-{X) = ^TT{{T^Ah{n^)FlF^^''{x,y\ (3.43) 

Ql{X) + Q^{X) = ^D^^^FlF^f^'^ix,y) = Q^(X). (3.44) 

On the other hand, the anomalies for broken group components of the 5D vector current 
become 

QfW = ^Tr(({^^(^^)t} + {(^“)t,^^})T“)F^,F“/^'^(x,y) 

= (3.45) 

QiW = ^Tr(({^^(^^)t} + {(^“)t,^^})r)F^tF*^"(x,y) 

= (3.46) 

QiiX) = ^Tr(((t“)tt^ + (t^)tt«)T#,^)F^^,F^/^'^(x,y) 

= ^Tr({^^^^}^|,^)F^^F^^"(x,y), (3.47) 

= ^Tr({^^ r^}r^,^)F^^F^^"(x, y), (3.48) 

QliX) + QUx) = ^D-^^FlF^^'^{x,y) = Qt(X) (3.49) 

In all the expressions for the anomalies above, we note that denotes the symmetrized 
trace of group generators 

j^abc ^ iTr({r“, r^}r^) (3.50) 

and other D symbols with different group idices are similarly understood. 


As a result, we find that a bulk fermion gives rise to the localized gauge anomalies for 
all gauge components of the 5D vector current. Since the broken gauge fields vanish at 
y = 7ri?/2 due to their boundary conditions, the localized gauge anomalies at y = 7ri?/2 
are only Q(A)’s, i.e., the gauge anomalies. However, at the other fixed point y = 0, in 
addition to Q(A)’s, there also appear the localized gauge anomalies Q(A)’s, so we obtain 
the localized anomalies of at y = 0. Restricting to the region [0,27ri7), we can rewrite 
the divergence of the 5D vector current as 


{DMJ^nx,y) 

{DMJ^)\x,y) 


i (^(y) - 5{y - ^)) Q“(A) + \5{y)Q%X), (3.51) 

i (^5{y) + 5{y - ^)) Q\A) + ^6{y)Q\X), (3.52) 
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{Dm fix, y) = l (^6{y) + 6iy - Qf{A) + i (^(y) - 5(y - Q^A) 


+ ls{y)Q^iX), (3.53) 

iDMJ^fix,y) = ^5{y)QfX) (3.54) 

where Q“(X) = Qf{X) + Q^{X) + QUX). 

For the case with Type II parity assignments, making the mode expansions of the bulk 
fermion as 

fL{R){x,y) = ( 3 - 55 ) 

n 

fL{R)f^y) = ^fL{R)nfff^Hy) (3-56) 

n 

which make up a Dirac fermion at each KK level as V’n = V'in + i^Rn ^'^*3 V'n = V'in + 


for n > O('0o = V'io V’o = V’m)’ following the similar procedure as before, a bulk 


fermion gives rise to the divergence of the 5D vector current as 

{DmJ’-'T(x,u) = -i(^i{</) + «(!/-^))c“(>l). (3.57) 

(DuX')‘{x,y) = !(«(!/)+5(9-^))q‘(71), (3.58) 

(DMJ’'' f(x,y) = 1(5(9) +5(9- ^))(C?(7l) - C®(.4)), (3.59) 

{DMj'^f{x,y) = 0. (3.60) 


Therefore, we find that there is no localized anomalies related to X, Y gauge bosons and 
the H anomalies coming from the zero modes of iiT-plet and iV-plet are equally distributed 
on the orbifold fixed points. 

4. Localization of a bulk field and anomaly problem 

As shown in the section 2, we can freely put some brane helds consistently with the local 
gauge symmetries at the fixed points: a brane field at y = 0 should be a representation 
of SU{N -|- K) while a brane field at y = ttR/2 should be a representation of SU{N) x 
SU{K) X 1/(1). Since we assume that a bulk fermion gives rise to a A'-plet as the zero 
mode and we want to have the anomaly-free theory at least at the zero mode level, we 
can only put a brane field of X-plet at y = 7ri?/2. This introduction of an incomplete 
brane multiplet is sufficient for the 4D anomaly-free theory at low energies but it could be 
inconsistent due to the existence of the localized gauge anomalies on the boundaries of the 
extra dimension. In this section, we consider the localization of a bulk fermion with a kink 
mass and subsequently deal with the appearing anomaly problem by using the results in 
the previous section. 
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It was shown in the literature that the localization of a bulk fermion can be realized 
by introducing a kink mass in the Lagrangian and even a brane fermion is possible in the 
limit of a kink mass being infinite|jl^. In the 5D U{1) gauge theory on IZ 2 with a single 
bulk fermion, as a result of introducing an infinite kink mass, the anomaly contribution 
from a bulk fermion on the boundaries of the extra dimension was interpreted as the sum 
of contributions from a brane fermion and a parity-violating Chern-Simon term in 5D ||^ . 
In other words, as a kink mass becomes infinite, heavy KK modes are decoupled but their 
effects remain as a local counterterm such as the 5D Chern-Simon term. The similar 
observation has been made for the non-abelian anomalies on orbifolds|^. 

In our case with gauge symmetry breaking on orbifolds, an infinite kink mass, depend¬ 
ing on its sign, could give rise to the localization of the unwanted bulk modes as massless 
modes 1 ^, in Type I. For instance, a positive (negative) infinite kink mass for the 

even modes ((-|-, -|-) and (—, —)) gives rise to a localization of the massless mode for (-I-, -|-) 
at y = 0(y = ttR/2). On the other hand, a positive infinite kink mass for the odd modes 
) and (-,-!-)) could lead to new massless modes localized at y = 0 and y = 'KRj2, 
respectively. Suppose that there are the universal(preserving the bulk gauge symmetry) 
kink masses for even and odd modes, i.e., m{y) = Me{y)I(^]\f^K)x(N+K) in (|3.1|) where 
e(y) is the sign function with periodicity ttR. Then, in order to avoid unwanted massless 
modes in Type I, we only have to take the sign of M to be negative. For instance, when 
we introduce a bulk multiplet (N + K) with M — 00 , we obtain a massless .^-plet only 
from the (-|-,-|-) mode, which is localized at y = 7ri?/2, while other modes get decoupled 
from the theory. Thus, in this respect, a brane .^-plet is naturally realized from a bulk 
complete multiplet in the field theoretic limit. In this process of localization, we find that 
the consistency with the incomplete brane field can be guaranteed with introducing a 5D 
Chern-Simons term|^, which would be interpreted as the effects from the decoupled heavy 
modes|[l^, |l|, On the other hand, in Type II, a bulk {N -|- K) with M > 0(M < 0) also 
gives rise to the localization of two zero modes at different branes: the zero mode of .^-plet 
at y = 0(y = 7 ri?/ 2 ) and the zero mode of iV-plet at y = ' 7 ri?/ 2 (y = 0). However, in this 
case, it is not possible to localize the two brane fields at the same brane in a field theory. 
This is related to the inconsistency of a class of Type II in view of localized gauge and 
gravitational anomalies which are not cancelled by the CS contributions as will be shown 
later. 

Let us consider the local anomaly cancellation in both Types I and II of GUT orbifolds. 
To begin with, in Type I, we can introduce a brane .^-plet at y = 7 ri 2/2 on top of the bulk 
{N + iL)-plet. Then, it gives rise to 4D gauge anomalies such as — Q*(H) and —Q^{A) at 
that fixed point, which cancel the 4D global anomalies coming from the zero mode of the 
bulk iF-plet. Therefore, the resultant divergence of the 5D vector current is changed to 


(D„j"r(x,y) = ^(s{y)-S(y-^)]Q‘{A) + ^S(y)Q‘‘(X), (4.1) 

(DMJ’''nx,y) = \(s(y)-S{y-^)ja‘{A) + \Hy)a‘m, (4.2) 
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( 4 . 3 ) 


= i Uy) - S(y - ^)) Q®(/1) + ^ma‘’(x), 

(DMJ'"f(x,y) = \mQ‘{X). (4,4) 

Here we observe that the total localized gauge anomalies only involving the unbroken gauge 
group(Q(H)’s) appear in the combination of {5{y) — 6{y — 7rR/2)), so their integrated gauge 
anomalies vanish. On the other hand, the anomalies involving broken gauge fields(Q(X)’s) 
remain nonzero even after integration because Q(X)’s are nonzero only at y = 0. This 
asymmetric localization of Q(X)’s reflects the difference between two fixed point groups in 
Type I. 

On the other hand, in Type II, we can introduce two brane incomplete fields(.^-plet 
and A^-plet) for no global anomalies in different ways since both fixed points have only the 
unbroken gauge group operative. Two brane fields could be located at the same brane or 
different branes. First let us consider the case that two brane fields are located at different 


branes, i.e. /C-plet at y = 7rR/2{y = 0) and A^-plet at y = 0(y = ttR/2). Then, the 
nonvanishing localized anomalies become 

(DM.J^'nx.v) = ±\{s{y)-Hy-^)Ja‘{A), (4.5) 

(DuJ^')‘{x,y) = (4,6) 

(DuJ’^f{x,y) = ±I(4(!/)-5(!/-^))q®(41). (4.7) 

Thus, the integrated anomalies vanish as expected but there exist localized gauge anomalies 
involving the unbroken gauge group. Secondly, in case that two brane fields are located at 
the same branes y = 0(y = vri?), we get the total localized anomalies as 

{DmJ^T{x, y) = (^(y) - 6{y - Q“(H), (4.8) 

{DMJ^Yix, y) = (j(y) - 5{y - ^)) Q*(H), (4.9) 

{DMJ^)^{x,y) = ±i(5(y) -5(y- ^))(Q^(H) - Qf(T)). (4.10) 


In this case, we have no integrated anomalies either but the structure of localized anomalies 
are different from the case with two brane fields at different branes. 

The existence of the localized gauge anomalies in either type of GUT orbifolds could 
make the theory with the unbroken gauge group anomalous. However, these localized gauge 
anomalies can be exactly cancelled with the introduction of a Chern-Simons(CS) 5-form 
Q^\A = A^T^\ with a jumping coefficient in the action]^ 

(4.11) 

where e(y) is the sign function with periodicity ttR and 



(4.12) 
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The parity-odd function e{y) in front of Q 5 is necessary for the parity invariance because 
Qs is a parity-odd quantity according to our parity assignments for bulk gauge fields, 
eqs. (|2.19D - (p.22D for Type I and eqs. ( 2.27D - (p.3O0 for Type II. Under the gauge transfor¬ 
mation 6 A = dio + [A,lo\ = Dio, 


5Q^ = Q\[6A,A\ = d{AdA +-A^) 


(4.13) 


where str means the symmetrized trace and the restricted gauge transformation in eqs. ( 2.31 ) 
and (2.32) is understood. Then, due to the sign function in front of Q 5 , the variation of 
the Chern-Simons action gives rise to the 4D consistent anomalies on the boundaries for 
Type I and II, respectively, 

— — 4(?/ — ^ 


^Ccs = 


+ 


dSvr^ 
1 




q=a,i,B 


1 


-^S{y) e'^‘'P^uj%iT{T'^d^{A,dpA^ + -A,ApA^)), 


(4.14) 


SCcs = 


1 


487r2 


{6{y)-5{y-^))e^-P^ E + \A,ApA,)lAAb) 

q=a,i,B 

The consistent anomalies for Type I we obtained here can be changed to the covariant 
anomalies []T^ by regarding the covariant non-abelian gauge current Jp as being redefined 
from a non-covariant gauge current Jp as 


Jiix, y) = JUx, y) + U^ix, y) 


(4.16) 


where 

^ -^{6{y) - S{y - ^)) e'^"^'^str(r''(A,Fp. + Fp^A, - A,ApA,)) 

e^^'^P-MT<i{A,Fp^ + Fp^A, - A,ApA„)). (4.17) 

For Type II, only the former one in the above is needed. Consequently, the CS term 
contributes to the anomaly for the 5D covariant gauge current in Type I as 

- KV - ^)) E str(T''iT''2T''3)^52^93/.. 

q2,q3={b,j,B) 

- ^‘^( 2 /) E str(r«ir« 2 r«)F^^ 5 F«^", (4.18) 

q2,q3=a 

= — ^s{y) E str(r'?ir'?2r®)F52F«^‘^, (4.i9) 

g4yr^ 

q2q3=h{a,i,B) 

and in Type II as 

- < 5 (y - ^)) E 

q2,q3 = ib,j,B) 

(4.20) 

= 0 (4.21) 
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where ^ 1 , 2,3 run the bulk group indices. It turns out that the CS contributions to the 
anomalies exactly cancel the localized gauge anomalies on the boundaries, eqs. o-dH) 
in Type I. On the other hand, in Type II, the CS term with a correct overall sign also 
exactly cancels the localized gauge anomalies, eqs. (^) and ([4.6| ), only in the case with 
two brane fields at different branes but not at the same brane. In the case with two brane 
fields at the same brane, we find that the bulk CS term is not sufficient for cancelling all 
localized anomalies from the bulk and brane matter fields. 


5. Fayet-Iliopoulos terms 


In Type I, the only place where the [/(l)-graviton-graviton anomalies could appear is the 
fixed point y = ttR/2 with the local gauge group including a 17(1) gauge factor. On the 
other hand, in Type II, the mixed gravitational anomalies could appear on both fixed points 
since their unbroken gauge group has a 17(1) gauge factor. As argued in the literature^, 
however, there is no gravitational counterpart A A R A R of the 5D Chern-Simons term 
since the non-abelian gauge fields propagate in the bulk. 

It has been shown that the gravitational anomalies at y = TTRj2 in Type I indeed 
cancel between the bulk and brane contributions without the need of a bulk Chern-Simons 
term[^. On the other hand, in Type II, it is only for two brane fields at different branes that 
there is no localized gravitational anomalies. Then, since both gravitational anomalies and 
FI terms are proportional to the common factor Tr(g), where q is the U (1) charge operator, 
it seems that the absence of the gravitational anomalies should guarantee the absence of 
the FI terms which could also exist at y = TrR/2 in Type I and at both fixed points in 
Type II. This is the requirement for the stability of the 4D supersymmetric theory. 

In the orbifold models with an unbroken 17(1), however, it has been shown that the lo¬ 
calized FI terms can be induced from a bulk field without breaking the 4D supersymmetry)^, 
1,0,0- In this section, we present the explicit computation of the Fayet-Iliopoulos (FI) 
terms Ijl^, for our set of bulk and brane fields in our model. 

The relevant part of the action for bulk(/i, h^) and brane(/i;,) scalar fields for performing 
the FI term calculation in Type I is given by 


5 = 


/ p2TfR 


dy 


\dMh\‘^ + + gD^{h)T^h - h^T^h'^^) 


+ Kv - ^) ( + gD^hlqbhb 


(5.1) 


where imply the auxiliary field for the unbroken 17(1). Denoting the bulk scalar fields 

as h = (h++, /i_|_)^ and = {h _, h _^), let us expand those in terms of bulk eigenmodes 

as 


h±±{x,y) = J]]h(±±)„(x)Ci^^^(y), 

(5.2) 

h±^{x,y) = 

(5.3) 


n 
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As in the anomaly computation, inserting the above mode expansions in the 5D action 
gives 


■ «,/3=± 'm-,n 


(□4 + Mn) 5 mn " gqa0Dg^^\x)j 


ttR, 


- hlix) ( 04 - gq—D^{x, y = —) ) hb{x) 


(5.4) 


where 



and Tr(T'®) = AT( 7 ++ + Nq^ _= 0, q _= —q^ _, q _= —(?++, and the introduction of a 

brane .A-plet with qb = q _is understood. 

From the one-loop tadpole diagram for the KK modes of auxiliary field , we can 
get the bulk and brane field contributions to the FI term with the cutoff A regularization 
as follows 


F'(x) Fbulkip^) 4“ ^branei^) 


(5.6) 


where 


with 


and 


Fbulk{x) — qapTnD^j^ 


af3)i 


n ag 


Tn = ig 


d^p 1 
(27r)^ p^ — IOtt^ 


f 1 aKq— . 2 r^B 


Fbraneix) -tgKq__D {x,y - ^)j ^2 - 167^2 


Trii, 


Then, when we write the FI term in terms of the 5D field D^{x,y) as 

p27vR 

F{x)= dy f{y)D^{x,y), 

Jo 


(5.7) 


|j(A^-M„^ln4!^). (5,8) 


A^D^{x,y = —). (5.9) 


(5.10) 


we make an inverse Fourier-transformation for the auxiliary field to obtain the bulk profile 
for the FI term as 


f {y) — feveniy) + foddijj) + fb rane (.y) 


(5.11) 


where 


/e.en(y) = gKq++Y.^n[\Ci^+^ f 

n 
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fodd{y) 


fbrane {u) 


9Kq++ 


\A\m +Kv-"^)) + \ In +«"(!/- ^)) 


lOvr^ 

5iVg+_ j;r4|^(+-)|2-|e(-+)|2] 

n 

g^g+- 

IOtt^ 

*2r/ 


\K\5{y) - 5{y -^)) + \ In ^(^"(y) - 8"{y - ^)) 


(5.12) 


(5.13) 

(5.14) 


Here, prime denotes the derivative with respect to the extra dimension coordinate. Con¬ 
sequently, the resultant FI term in Type I is given by 


f{y) = 


B\ r 


^ i^iy) + 5{y - -rr)) + o In -6"{y) 


gTr(r^) 

327r2 

327r2 ^ 2 ^ 


vri?. 


1, A 




327r2 y 2 ^ 


(5.15) 


where we used Tr(r^) = 0 in the last line. We note that there is no FI term at y = 0 
with the full bulk gauge group, which is as expected because there is no 17(1) factor at 
this fixed point. Moreover, we find that there is no conventional FI term with quadratic 
divergence even at y = 7ri?/2 with a 17(1) factor, which is consistent with the absence of 
mixed gravitational anomalies as argued in [^. However, there exists a non-vanishing FI 
term with logarithmic divergence at y = 7r7?/2. 

Likewise, following the same procedure, we find that the localized FI terms in Type 
H depend on the location of brane fields: with both Ai-plet and Wplet at the same brane 
y = 0(y = ttR/2) as 


/(y) = ± 


gKq++ 

167r2 


A^( 5{y) - 6{y - ^) 


327r2 y 


5"(y) + <^"(y- ^) ), (5.16) 


and with a i7-plet at y = 0(y = TrRfl) and a A^-plet at y = 7ri?/2(y = 0) as 


In the case with two brane fields at the same brane, there appear quadratic FI terms as well 
as log FI terms. However, in this case, even if the integrated FI terms are zero, the localized 
FI terms with quadratic divergence would not give rise to a consistent theory at low energies 
since there is no gravitational CS term to cancel the mixed gravitational anomalies, 
at y = 0 and =FAig++ at y = ttR. On the other hand, in the case with two brane fields at 
different branes, there are only log divergent FI terms at both fixed points which maintain 
the 4D supersymmetry and the mass spectrum of a bulk multiplet||TI[|. 


6. Conclusion 

We considered the breaking of the 5D non-abelian gauge symmetry on S^I{Z 2 x Z 2 ) orb- 
ifold. Then, we presented the localized gauge anomalies coming from a bulk fundamental 
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field through the explicit KK mode decomposition of the 5D fields. In the orbifold with 
gauge symmetry breaking, there are fixed points with their own local gauge symmetries. 
Thus, there is the possibility of embedding some incomplete multiplets at the fixed point 
with unbroken gauge group, which can be sometimes phenomenologically preferred. The 
incomplete brane multiplet we considered can be realized from a bulk muliplet in the field 
theoretic limit. Therefore, we have shown that the 4D anomaly combination of a brane 
field and a bulk zero mode does not have the localized gauge anomalies up to the addition 
of a Chern-Simon 5-form with some jumping coefficient, which could be regarded as the 
effects of the bulk heavy modes as in the abelian gauge theory on 5'^/Z2. However, for 
the brane fields assigned at the same fixed points in models of Type II, we found that it is 
not possible to cancel the localized anomalies only with the CS term even if there is no 4D 
anomaly.. Then, we also found a nonzero log FI term at the fixed point with H in both 
types of orbifold boundary conditions we considered. 
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